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Abstract 

We explore the holographic principle in the context of asymptoti- 
cally flat spacetimes. In analogy with the AdS/CFT scenario we ana- 
lyse the asympotically symmetry group of this class of spacetimes, the 
so called Bondi-Metzner-Sachs (BMS) group. We apply the covariant 
entropy bound to relate bulk entropy to boundary symmetries and find 
a quite different picture with respect to the asymptotically AdS case. 
We then derive the covariant wave equations for fields carrying BMS 
representations to investigate the nature of the boundary degrees of 
freedom. We find some similarities with 't Hooft S-matrix proposal 
and suggest a possible mechanism to encode bulk data. 
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1 Introduction 

Some years ago 't Hooft £Q proposed that the apparent paradoxes of black 
hole physics in local quantum field theory can be resolved if the fundamental 
theory of quantum gravity has degrees of freedom living on lower dimensional 
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hypersurfaces with respect to the bulk spacetime on which information is 
encoded "holographically". 

This was motivated by the Bekenstein-Hawking formula for the black 
hole entropy Sbh = A/4, which says that the entropy goes like an area 
instead of a volume. It is thus commonly assumed that a holographic theory 
has a density of states equal to the Planck density. This implies an extreme 
reduction in the complexity of a physical system and it is implicitly stated 
that gravity is responsible for this huge reduction of the number of degrees of 
freedom. In other words, the usual way of counting states in QFT is highly 
redundant since if we try to excite more than Aj 4 degrees of freedom we end 
up with the formation of a black hole. 

The holographic principle predicts then a quite considerable departure 
from conventional way of counting degrees of freedom in physical systems. 
We can imagine two ways of producing a holographic behaviour. One possi- 
bility is to preserve locality at the price of a sort of (very!) unusual "gauge 
symmetry" which should be able to give the correct counting required by 
the holographic bound. This is essentially the recent approach advocated 
by 't Hooft [2]: one has "ontological" states which go as a volume as usual, 
while "equivalence classes" grow as a surface and the latter are supposed to 
produce (this mechanism is still to be explained) the area law in the case of 
black holes. This approach, of course, requires a reformulation of quantum 
mechanics itself. 

Another option is to reconstruct spacetime starting from holographic 
data. In this case one has to explain how they are generated, their dynamics 
and how they can produce classical spacetime geometry. Locality is simply 
recovered a posteriori. AdS/CFT correspondence [Hj gives a beautiful ex- 
ample of this kind of behaviour. Nevertheless, how to recover bulk locality 
seems still an open question and most important the whole approach as- 
sumes an equivalence between partition sums of gravity and gauge theory 
once asymptotically AdS boundary conditions are imposed. As we will see 
in the following this is a very special choice and the fact that a conventional 
QFT appears on the boundary is in some sense quite unique. 

It is therefore interesting to see what happens in the case of different 
boundary conditions. In the present paper we simply explore from a general 
point of view the case of asymptotically flat spacetimes. As we will see there 
is a sharp difference with respect to the case of AdS boundary conditions and 
a unique (geometrical) reconstruction of spacetime seems unlikely, suggesting 
a somehow different way of encoding and storing bulk data. With the help 
of the covariant entropy bound @] we analyse some aspects of the asymp- 
totic symmetry group (ASG) of asymptotically flat spacetimes-the so called 
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Bondi-Metzner-Sachs (BMS) group- and the nature of the fields carrying 
its representations hoping to get some insights about a possible holographic 
description. 

Organization of the paper 

In Section 2 we review the notion of asymptotic symmetry group and discuss 
its role and importance in the context of the holographic principle. 

In Section 3 we recall different derivations of the BMS group and exam- 
ine some of its properties and subgroups. We concentrate in particular on 
the Penrose derivation, since more convenient for our holographic purposes. 
This resumee of the BMS group is also intended to give the reader some 
background and terminology for further applications. 

In Section 4 we review and apply the covariant entropy bound proposed 
by Bousso fl] pointing out a connection between entropy production in the 
bulk and the corresponding symmetries of a candidate holographic descrip- 
tion. We then compare the situation with asymptotically AdS spacetimes 
and underline differences. 

In Section 5 we review the representation theory of the BMS group and 
show how to label different states. Details of BMS representation theory 
are contained in Appendix (A.l), (A. 2); most of this material is used to 
construct covariant wave equations. 

In Section 6 we construct indeed covariant wave equations for the BMS 
group using a general framework based on fiber bundle techniques. Com- 
ments on the possible meaning of the various little groups and their labels 
are also given at the end. 

In Section 7 we try to interpret the results of Section 6 and explore 
possible features and aspects of a tentative holographic description. We 
note some similarities with 't Hooft horizon holography and suggest some 
further aspects to take into account for a holographic description. 

We end up in Section 8 with some concluding remarks. 

2 Origin of the asymptotic symmetry group and its 
role in the holographic context 

In absence of gravity the isometry group of (Minkowski) spacetime is the well 
known Poincare group, namely the semidirect product of the Lorentz group 
and translations. Once gravity is switched on, even if weak, the situation 
changes quite drastically: Lorentz transformations, i.e. the homogeneous 
part of the Poincare group, still make sense at each point, but the Poincare 
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group as a whole is not of course any more an isometry of the manifold and 
"seems to vanish into thin air" p]. 

One might think to use as a suitable generalization the general coordinate 
transformation group, in other words diffeomorphisms. However, they simply 
preserve the differentiable structure (the "smoothness") of the manifold and 
they are not so relevant from the physical point of view. 

One therefore relies on the asymptotic symmetry group (ASG). Roughly 
speaking, this means that one adds a conformal boundary to the original 
manifold following Penrose prescription and considers asymptotic symme- 
tries as conformal motions on the boundary preserving some structure de- 
fined on it. Of course, these symmetries need not to be extended to the 
bulk in general but they can play a role in the holographic reconstruction 
of spacetime. An explicit example is given in the AdS/CFT correspondence 
PI, where one "reconstructs" the bulk in the case of asymptotically AdS 
spacetimes [§]■ This represents however a special case as we will see in the 
following, despite the common non-compactness of the boundary as in the 
case of asymptotically flat spacetimes. 

It is important to stress that one is free to choose the conformal boundary, 
the choice being just a matter of convenience. In the set up proposed by 
Bousso jl], this means that there are many different ways to project the 
bulk into collections of "holoscreens". Note also the it seems natural to put 
the screen on the conformal boundary at infinity, but in principle any other 
choice is allowed. Again, from this point of view, AdS is a very special case, 
since there is a natural screen on the boundary of spacetime. We are going 
to consider asymptotically flat spacetimes and imagine the screen to be the 
null manifold 9 at infinity but as said other choices can also be done in 
principle. One could also imagine to put the screen at spatial infinity, where 
there is some similarity to the null case from the point of view of the ASG 
(See comments at the end of Section 6). 

The notion of ASG seems then particularly natural in the context of gra- 
vity once one goes beyond classical General Relativity: non local aspects, 
"hidden" at the classical level by choosing initial conditions for the solu- 
tions, should manifest themselves in the quantum regime, demanding and 
depending on the choice of boundary conditions. 
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3 Emergence of the BMS group in asymptotically 
flat spacetimes 

In this section we briefly revisit the derivation of the BMS group and some 
of its properties. As said, the BMS group represents the ASG of asymp- 
totically flat spacetimes. More properly it is a transformation pseudo-group 
of asymptotic isometries of the region close to infinity of the asymptotically 
flat (lorentzian) spacetimes 4 . There is however a derivation proposed by 
Penrose as a group of transformations living intrinsically on 9. In this case 
the BMS group is the transformation group on the boundary 3\ 5 

>From the point of view of the holographic principle we are interested 
in the theory living on the boundary and its symmetry group. We therefore 
prefer to consider this "boundary description" of the BMS group as more 
relevant and fundamental for our purposes. Moreover, it keeps into account 
the degenerate nature of 9, which one has to face up when choosing a null 
screen. For completeness, however, we review various derivations. 

3.1 BMS as asymptotic symmetry group 

The BMS group was originally discovered [Zj, jS] by studying gravitational 
radiation emitted by bounded systems in asymptotically flat spacetimes; it 
is the group leaving invariant the asymptotic form of the metric describing 
these processes. Quite generally, one can choose (u,r,9,4>) coordinates close 
to null infinity and check that the components of the metric tensor behave 
like those of the Minkowski metric in null polar coordinates in the limit 
r — > oo. 

A BMS transformation (a, A) is then 



where x is a point on the two sphere S 2 with coordinates (9, <f>), A represents 
a Lorentz transformation acting on S 2 as a conformal transformation and 
K\(x) is the corresponding conformal factor. Furthermore a is a scalar 

4 For the euclidean case see section 6. 

5 Recall that 9 is the disjoint union of £y + (future null infinity) with 3~ (past null 
infinity). In the rest of the paper we will refer to Ss + but because of the symmetry the 
same conclusions will hold on too in all cases unless differently specified. 



u = [Ka{x)]-\u + a(x)) + 0(l/r) 

f = K\(x)r + J(x, u) + 0(l/r) 
= {Ax) e + H e (x, uy- 1 + 0(l/r) 
4> = (Ax)^ + H<p(x, u)^ 1 + 0(l/r) 



(1) 

(2) 
(3) 
(4) 
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function on S 2 associated with the so called supertranslation subgroup. It 
represents the "size" of the group as we will see below. 

The other functions are uniquely determined by (a, A) imposing 

Ai)(a 2 , A 2 ) = (a-i + A x a 2 , AiA 2 ) (5) 
(Aia 2 )(x) = [K A (x)}' 1 a 2 (A^ 1 x) (6) 

One immediately notices from © the structure of semidirect product. There- 
fore the BMS group B = N x L is the semidirect product of the infinite di- 
mensional supertranslation group N with (the connected component of the 
homogeneous) Lorentz transformations group L. 6 

An important point to keep in mind is that the ASG thus defined is 
universal since one gets the same group for all asymptotically flat spacetimes. 
This is quite surprising. In addition, the group is infinite dimensional due 
to the presence of extra symmetries which reflect the presence of gravity in 
the bulk. 

It is also possible to derive the BMS group B working in the un- 
physical spacetime and imposing differential and topological requirements 
on 3, avoiding then asymptotic series expansions. In a sense, this is a finite 
version of the original BMS derivation, since one constructs a so called con- 
formal Bondi frame in some finite neighborhood of 3 s and this finite region 
corresponds to an infinite region of the original physical spacetime. 

Even if one is not working with an asymptotic expansion, we prefer to 
consider this derivation from a slightly different perspective with respect 
to the one of Penrose, who considers the emergence of the BMS working 
intrinsically on 3\ Actually, we are still working asymptotically, even if, 
in the unphysical space, the "infinite is brought to finite". Recall, however, 
that had we chosen another conformal frame we would have obtained an 
isomorphic group. In other words, covariance is preserved by differentiable 
transformations acting on 3\ This indeed motivated Penrose to work directly 
on the geometrical properties of 9 as we will see below and it seems more 
convenient to investigate the holographic principle in this context. 

Choosing x° = u, x A = (9, <f>) as coordinates on Q + and x 1 = r defining 
the inverse luminosity distance, the (unphysical) metric g^ u in the conformal 
Bondi frame is thus 

g 01 



g oi g ll g lA 

g 1A g AB 



3 We will consider SL(2,C), the universal covering group of L. 
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Using the freedom of gauge choice of the conformal factor and imposing 
global and asymptotic requirements on 9 one can write the metric (in a 
neighbourhood of 9) as 



9^ 



1 

1 

q AB 



where q AB is the metric on the S 2 therefore time independent. One can even- 
tually compute the generators ^ of asymptotic infinitesimal transformations 
X H _^ x n _|_ £n ^ so i v i n g 



^-(n, P e/n) g ^ = o. (7) 



One finds 



e = r(x") (8) 

e = \uf* A + a{x B ), e = 0- (9) 

Setting the supertranslations a(x A ) to zero we get the (orthochronous) Lo- 
rentz group while setting the f A to zero we get the group of supetranslations 
as expected. 

These are exactly the Killing vectors found by Sachs [5| in studying ra- 
diation at null infinity. However, one interprets the notion of asymptotic 
symmetry as follows: one declares an infinitesimal asymptotic symmetry to 
be described by a vector field £ a (more precisely an equivalence of vector 
fields in the physical spacetime) such that the Killing equation L^g^ u = is 
satisfied to as good an approximation as possible as one moves towards 9. 

One can also consider another derivation of the BMS group proposed by 
Geroch (§]. In a nutshell, this procedure considers the ASG as the group of 
consometries of 9, i.e. conformally invariant structures associated with 9. 
More properly, these structures live on the so called "asymptotic geometry", a 
3 dimensional manifold diffeomorphic to 9 endowed with a tensor structure. 
We prefer to consider as truly intrinsic the derivation of Penrose which we 
discuss below. Note however that Geroch approach has received a lot of 
attention and has been adopted in particular by Ashtekar and (many) others 
to endow 9 with a symplectic structure to study then fluxes and angular 
momenta of radiation at null infinity. 
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3.2 Penrose derivation of the BMS group 

The derivation of Penrose is based on conformal techniques and the null 
nature of 9 is explicitly taken into account. The underlying idea is the 
following: consider a motion in the physical spacetime; this will naturally 
generate a motion in the unphysical spacetime and in turn a conformal mo- 
tion on the boundary. The latter can persist, even if the starting physical 
spacetime has no symmetry at all providing thus a definition of ASG. How- 
ever the degenerate metric on 9 does not itself endow sufficient structure to 
define the BMS group. 7 

The natural structure living on 9 is that of a inner (degenerate) conformal 
metric, the topology being M x 5 2 ; the "R" represent the null geodesic 9 
generators with "cuts" given by two dimensional spacelike hypersurfaces each 
with S 2 topology. Choosing a Bondi coordinate system ^Oj, one can indeed 
write the degenerate metric on 9 + as 

ds 2 = O.du 2 + d9 2 + sin 2 9d(p 2 . (10) 

Using stereographic coordinates for the two sphere (C = e l ^cot(8 /2)) one has 

ds 2 = O.du 2 + 4dCdC(l + CO" 2 - (11) 

and recalling that all holomorphic bijections of the Riemann sphere are of 
the form 

with ad— be = 1, one immediately concludes that the metric ijTHjl is preserved 
under the transformations 

u^F(u,(,() (13) 

These coordinate transformations define the so called Newman-Unti (NU) 
group , namely the group of non reflective motions of 9 + preserving its 
intrinsic degenerate conformal metric. 

The NU is still a very large group. One can restrict it by requiring 
to preserve additional structure on 9. One actually enlarges the notion 

7 More precisely, one considers a future/past 3 asymptotically simple spacetime, with 
null and strong asymptotic Einstein condition holding on it |l()j . 
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of angles and endows 9 with "strong conformal geometry". In addition to 
ordinary angles one considers null angles: finite angles are formed by two 
different directions in 9 at a point in 9 which are not coplanar with the null 
direction in Q, while null angles are formed by two directions at a point in 
9 which are coplanar with the null direction. 

One can show that the set of strong conformal geometry preserving trans- 
formations restricts the u transformations of the NU group to the following 
form 

u^K(u + a((,()) (15) 

with 

(a( + b)(a*(* + b*) + (c( + d)(c*(* + d*) { ' 

the same appearing in (EJ and a(C, C) an arbitrary function defined on the 
two sphere. But then this set of transformations together with the conformal 
transformations on the two sphere define precisely the BMS group as shown 
before. 

Note that in terms of this intrinsic description, these transformations 
have to be interpreted not as coordinate transformations but as point trans- 
formations mapping 9 into itself. In other words, a conformal transforma- 
tion of 9 induces conformal transformations between members of families of 
asymptotic 2-spheres when moving along the affine parameter u. 

This construction further motivates the mapping between S and the so 
called cone space[l2j, which we are going to discuss in the following as a 
possible abstract space where the holographic data might live. 

Finally one has to remember that the global structure of the BMS group 
in four dimensions cannot be generalized to a generic dimension as BMSd = 
Nd-2 K SL(2, C) where A^_ 2 is the abelian group of scalar functions from 
S d ~ 2 to the real axis; an example is the three dimensional case where ^Hj 
it has been shown that BMS 3 = Ni K Diff(S l ). In what follows we are 
always going to work in four dimensions. 



3.3 BMS subgroups and angular momentum 

We review a bit more in detail the BMS subgroups. One has the subgroup 
N given by 

u->u + a((,() (17) 

C^C (18) 
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known as supertranslations. It is an infinite dimensional abelian subgroup; 
note that 

R AT 9 

- jr ^SO(3,l)^PSL(2,C), (19) 

which follows from the fact that the BMS group is the semidirect product of 
N with SL(2,C). Choosing for the conformal factor K on the sphere 

i + CC 

one has the subgroup T of translations which one can prove to be the unique 
4-parameter normal subgroup of N. 

On the other hand, the property of a supertranslation to be translation 
free is not Lorentz invariant. Therefore there are several Poincare groups 
at 9, one for each supertranslation which is not a translation, and none of 
them is preferred. This causes the well known difficulties in asymptotically 
flat spacetimes in defining the angular momentum, the origin basically being 
"free" (because of the presence of gravity). We recall for completeness the 
reason: in Minkowski space-time, the angular momentum is described by 
a skew symmetric tensor which is well-defined up to a choice of an origin. 
Whereas this last condition is equivalent to fix 4 parameters, in the case of 9 
this condition requires an infinite number of parameters to fix the "orbital" 
part of the angular momentum since the translation group T 4 is substituted 
by the supertranslations N. 

Although many ways to circumvent this problem have been proposed, 
no really satisfactory solution has emerged until now. In [H], ^H] one ends 
up with a reasonable definition of angular momentum in asymptotically sta- 
tionary flat space-times, where the space of good cross sections (i.e. sections 
with null asymptotic shear) is not empty; one can then select a Poincare sub- 
group from the BMS group and define accordingly the angular momentum. 
We are going to examine in more detail the notion of good/bad sections in 
the following so as to discuss bulk entropy production from the point of view 
of boundary symmetries. 

4 Bulk entropy and boundary symmetries 
4.1 Bousso covariant entropy bound 

We start with a very brief review of Bousso covariant entropy bound. We 
refer to j3] for more details and examples. Here we just recall the relation 
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between entropy and focusing of light rays examining then this link from the 
point of view of BMS symmetries acting on null infinity. 

Bousso bound represents a covariant generalization of the well known 
Bekenstein bound, the latter being a sort of spacelike version of the for- 
mer. According to this more general recipe, the entropy of matter that flows 
through lightsheets associated with a given two dimensional spacelike surface 
in spacetime is bounded by the area of that surface. 

Bousso bound holds under some assumptions and it can be in princi- 
ple violated by quantum effects. It therefore gives entropy estimates at the 
classical level. Nevertheless, it provides a general formulation of the holo- 
graphic principle and one can construct "screens" on which the entire bulk 
information can be projected and stored. 

Lightsheets play a fundamental role in this set up. This is not surprising, 
since General Relativity at the classical level can be thought as a series of 
"lenses" filling spacetime! We recall indeed that once the two dimensional 
spacelike surface A has been chosen one defines lightsheets of A, L(A), as a 
null hypersurface that is bounded by A and constructed by following families 
of light rays orthogonally away from A, such that the cross sectional area is 
everywhere decreasing or constant. If S represents the entropy "inside" on 
any one of its L(A), then the bound predicts S less or equal to A/4. 

One follows the light rays till they end up with a caustic in spacetime, 
i.e. the expansion 6 goes from minus infinity to plus infinity. The change of 
expansion 9 along a congruence of light rays is described by Raychaudhuri 
equation 

dO 1 

^ = -^Z^ 92 - u ^° ah + - ^ T abk a k b (21) 

Since the twist vanishes for L and the last term will be non positive assuming 
null energy condition if follows that the r.h.s is never positive and by solving 

one gets to the focusing theorem predicting an infinite value of the expansion 
at the caustics due to bending light matter. 

So energy costs entropy and the latter focuses light and allows for the 
formation of caustics. More entropy crosses the lightsheets, faster the light- 
sheets end up. A system in which light rays end up with some sort of 
percolation or random walk has therefore more entropy than a system where 
they terminate in a point. A spherically symmetric system will have less 
entropy then a system in which inhomogeneities are present: lightsheets in 
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the second case will have to probe small scale density fluctuations and these 
spacetime irregularities will be associated with more entropy. 

In the following we would like to interpret bulk irregularities which are 
responsible for entropy production from the point of view of BMS bound- 
ary symmetries, identifying explicitly those which correspond to low/high 
entropic bulk configurations. 

Before doing this we would like to observe that the screen construction 
that one can eventually activate following Bousso approach -i.e. the projec- 
tion and the storing of bulk information on suitable screens- is background 
dependent and also depends on the asymptotic structure of spacetime. As 
already mentioned before, choosing an asymptotic structure of spacetime is 
a matter of convenience, General Relativity being perfectly defined by itself. 

4.2 Bulk entropy and BMS boundary symmetries 

As previously recalled the BMS group is defined as those mappings acting 
on which preserve both the degenerate metric and the null angles. 
In the case of null infinity, one can associate a complex function <r(r, u, £, C), 
which in physical terms is a measure of the shear of the null cones which 
intersect 9 + at constant u. To define the shear one chooses a spinor field A 
whose flagpole directions point along the the null geodesies of the congruence. 
The complex shear a is then defined as follows 

O a O b V A A'O b = 06 A , (23) 

The argument of the shear a defines the plane of maximum shear and its 
modulus the magnitude of the shear. Now in the case of mild divergence of 
null geodesies (as with the Bondi-type hypersurfaces we are considering) one 
has 

° = i + °^) ( 24 ) 

The quantity a is r independent and it is a measure of the asymptotic 
shear of the congruence of null geodesies intersecting 9 + at constant u. The 
r independence is in agreement with the peeling-off [16J properties of the 
radiation. 

One can also read the shear from the asymptotic expansion of the metric. 
Consider for example the metric originally proposed by Sachs jH] 

ds 2 = e 2p Vr- l du 2 - 2e w dudr + r 2 h ah (dx a - U a du){dx b - U b du) (25) 
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with a, b indices running over angular coordinates and V, (3, U a , h a b are func- 
tions of the coordinates (u,r,9,(f>) to be expanded in 1/r powers. The shear 
appears in the expansion of the function (3 

f3 = -a(u,(,()v*(2r)- 2 + 0(r- 4 ) (26) 

Now when a = 0, i.e. the asymptotic shear of the congruence of null 
geodesies vanish at infinity, one has "good" cross sections. On the other 
hand, when non vanishing, one has "bad" sections. The latter corresponds 
to null geodesies ending up with complicated crossover regions in the bulk. 
Good cross sections do not exist in general spacetimes. However, a very 
special situation occurs in stationary spacetimes: in this case one can find 
asymptotic shear free sections and the space of such cuts is isomorphic to 
Minkowski space time, where a good section corresponds trivially to the 
lightcone originating from a point in the bulk. Of course in the case of 
stationary spacetimes points of the isomorphic Minkowski space are not in 
one to one correspondence with points of the physical curved spacetime; the 
behaviour in the bulk of null geodesies will be however quite mild (compared 
to bad sections) to end up in an almost clean vertex. 

The intersection of the congruence of null geodesies originating from the 
bulk with 3 is a connected two dimensional spacelike surface so we can 
apply the covariant entropy bound and deduce that bad cross sections will 
in general correspond to more entropic configurations from bulk point of 
view. Indeed in the case of bad cross sections lightrays "percolate" more 
than in the case of good sections, producing therefore more entropy. 

One can say more and relate the notion of good/bad cuts to BMS bound- 
ary symmetries, having in mind a tentative holographic description. Indeed, 
under BMS supertranslations the transformation rule among asymptotic 
shears is 

a ' («', C, C) = * >' - a, C, C) + (3) 2 a(#, 0) (27) 

where the operator 5 on the r.h.s is the so called "edth" operator (for a 
definition see [16J). One is then interested in finding transformations which 
produce new good cuts. For Minkowski spacetime and (remarkably!) again 
stationary spacetimes one can map good cuts into good cuts by means of 
translations and in these cases the BMS group can be reduced to the Poincare 
group by asking for the subgroup of the BMS transformations which map 
good cuts into good cuts. In the general case, however, there are no good, i.e. 
asymptotic shear free sections, and from BMS point of view this corresponds 
to not Lorentz free supertranslations. 



14 



Applying therefore the covariant entropy bound one finds that bad sec- 
tions correspond to more entropic configurations in the bulk and (not Lorentz 
free) supetranslations on the boundary. Time dependence produces more ir- 
regularities in the bulk giving therefore more entropy according to previous 
considerations; this is interestingly reflected in complicated supertranslations 
acting on the null boundary. 

If holographic data are stored then in the S 2 spheres on 9 some of them 
will contain more/less information corresponding to more/less entropy in the 
bulk. We return to this point in Section 7. 

As said, asymptotic vanishing shear allows to reduce the BMS goup to 
Poincare. One might think to start from the stationary case then for simplic- 
ity. There is still however a remnant of supertranslations. Suppose indeed 
to consider a system which emits a burst of radiation and it is stationary 
before and after the burst. The corresponding Poincare subgroups will be 
different and they will have in common only their translation group. They 
will be related by means of a non trivial supertranslation in general. This is 
quite different from what happens in the AdS case as we are going to see in 
the next Section. 

4.3 Difficulties in reconstructing spacetime and comparison 
with the AdS case 

We now continue the previous analysis and make some comparisons with the 
AdS case. 

Let us consider again the asymptotic shear. The previous picture tells us 
that the ASG can be reduced to Poincare in some specific points along the 
boundary where the asymptotic shear does indeed vanish. This means that 
small shapes are preserved asymptotically as we follow the lines generating 
the null congruence using to construct the lightsheets. However, lightsheets 
acquire in general shear in the asymptotic region. This is due tidal forces 
which are responsible for the bending of light rays. But these are in turn 
described by the (asymptotic) Weyl tensor and this quantity (more prop- 
erly the rescaled one in the unphysical metric) enters into the definitions of 
the so called Bondi news functions jH] which measure the amount of gravi- 
tational radiation at infinity. There is however another tensor, namely the 
Bach tensor (recall we are in four dimensions) B a p which does not van- 
ish in the presence of non zero Bondi news. In the case of asymptotically 
flat spacetimes it is not zero asymptotically. This is in sharp contrast with 
asymptotically AdS cases, where it vanishes asymptotically, the Bondi news 
being zero in that case. Actually the condition B a p = on 5 is used in the 
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definition \Tj\ of asymptotically AdS spacetimes. 

This has however deeper consequences for holography. In AdS case this 
allows to reduce (enormously) the diffemorphism group on the boundary 
precisely to the conformal group. There is then (as already noticed in 
|17| ) a discontinuity in taking the limit A — > of the cosmological con- 
stant. In asymptotically flat spacetimes it means that one cannot propagate 
the boundary data to reconstruct the bulk in a unique way. And this was 
the essence of the FefFerman- Graham theorems for the AdS case [18J. We 
therefore see a remarkable difference. As a consequence, it also seems quite 
unlikely that GKPW (Gubser-Klebanov-Polyakov- Witten) prescription re- 
lating bulk-boundaries partition functions holds in this case. It seems also 
difficult to recover a S-matrix for asymptotically flat spacetimes starting 
from AdS/CFT and taking then the large radius limit of AdS. 

As observed before, in general backgrounds the asymptotic shear does 
not vanish and therefore we remain with a big group on the boundary. No- 
tice that using relativistic generalization of Navier-Stokes theory one can 
show that precisely the Bach current ^H] can be used to describe entropy 
production in the bulk in the case of non stationary spacetimes. We see 
therefore that all the times (basically the majority) we cannot reduce BMS 
supertranslations to translations we have more entropy production in the 
bulk according to the covariant entropy bound and the production of this 
entropy can be measured in a quantitative way just by using the Bach cur- 
rent, a quantity which translates the effect of the bending of light before the 
system reaches equilibrium. 

The fact that boundary symmetries cannot be reduced as in AdS case 
suggests not only that the propagation in the bulk is not unique (therefore 
we don't see the possibility of a naive holographic RG) as in AdS case but 
also that a degree of non locality 8 will be present-because of the impossibility 
of reducing the big symmetry group in general- in the candidate boundary 
theory, where fields will carry in general representations of the BMS group. 

This motivates the following analysis of wave equations for the BMS 
group. 

8 The emergence of non locality in asymptotically flat spacetimes can also be explained 
considering again light propagation. Indeed, in AdS/CFT the amount of time required 
for a light ray to cross AdS diagonally is equal to the amount of time the light ray needs 
to " go around the boundary". This is not true in flat space. Therefore it seems unlikely 
that the holographic dual to asymptotically flat spacetimes will be a local theory. 
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5 Representations of the BMS group 



As said our target is to write (covariant) wave equations as commonly done 
in physics for other groups j2fjj. We therefore first review very briefly in this 
Section the representation theory of the BMS group (See Appendix A.l and 
A. 2 for details). We recall the situation for the Poincare group to compare 
then similarities and differences with respect to the BMS case. We give the 
"kets" to show explicitly the labelling of the corresponding states. Theory 
and definitions used in induced representations of semidirect product groups 
are reviewed in Appendix A. 

Poincare group 

In this case we deal with P = T 4 x SL(2,C) whose little groups and 
orbits are well known and are summarized in the following table (see 
and p]) 9 : 



Little group 


orbit invariant 


representation label 


SU{2) 


p 2 = to 2 , sgn(po) 


discrete spin j (dim=2j + l) 


SU(1,1) 


2 1 
P = — 771 , 


discrete spin j' 


E{2) 


p 2 = 0, sgn(po) 


oo-dimensional, 


E{2) 


p 2 = 0, sgn(po) 


1-dimensional A. 



We first notice that the generators of T 4 can be simultaneously diago- 
nalized and for this reason the orbit is the spectrum of energy. We have 
to impose some physical restrictions, namely we call unphysical those rep- 
resentations related to negative square mass and negative sign of pq. Un- 
fortunately, this is not enough since we have to deal with a continuous spin 
coming from E(2). This case is excluded by hand and so we end up with 
two spin quantum numbers, i.e. j from SU(2) and A from E(2); therefore 
the general ket for the Poincare group is 

|_P,j>, |P,A>, (28) 

9 The Lie algebra of the 2-d Euclidean group is: 

[L3, E a ] = itapEp, 
[E a ,E p ] =0. 

The two Casimirs of the group are E 2 and C2 = expftiviLs) where C2 = ±1 (integer 
and half- integer values of L3). The two E(2) are actually the same group with different 
representations depending if the value of the Casimir operator E 2 is different (first case) 
or equal (second case) to zero 
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respectively for massive and massless states. 

BMS group 

In this case one has additional freedom since one is free to choose the 
topology for supertranslations. This is due to the fact that 9 is not a Rie- 
mannian manifold: it is degenerate precisely in the directions along which 
supertranslations act. Having in mind Penrose description of the BMS as an 
exact symmetry acting of 9, arbitrary supertranslations functions describe 
indeed symmetry transformations along 9. The standard choice [23], [21] 
made in the literature is Hilbert or nuclear topology. The former should 
be associated with bounded systems (for which indeed the BMS group turns 
out to be the asymptotic symmetry group as originally discovered), while the 
latter with unbounded (See section 7.3 for the role of unbounded systems). 

We first consider the Hilbert topology-i.e. we endow N with the ordi- 
nary L 2 inner product on S 2 . Following |23j , [21], we remember that the 
supertranslations space can be decomposed in a translational and a super- 
translational part 

N = A@B, 

where only A is invariant under the action of G = SX(2,C) and T 4 = ^. 
Furthermore there is also this chain of isomorphisms: 

N ~ N ~ N' ~ N, 

where N is the character space and N' is the dual space of N. This means 
that given a supertranslation a we can associate to it a character x( a ) = 
e */w j w here the function f(a) =< 4>,a > and where 4> € N. 

The dual space can be decomposed as N' = B° © ^4°, where B° and A 
are respectively the space of all linear functionals vanishing on B and A and 
where only ^4° is G-invariant. Also the following relations are G-invariant 
i.e. 

(N/A)' ~ A N'/A°~A'. (29) 

In view of the isomorphism between N' and N, we can expand the su- 
permomentum (f> in spherical harmonics as 

l l l 

1=0 m=—l 1>1 77i=— i 
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where the first term lies in B° and the second in A°. 10 Relying on l|29jh we can 
think of the coefficients pi m with I = 0, 1 as the components of the Poincare 
momentum. Thus, we call the dual space of N the supermomentum space 
and define a projection map: 

vr : N' -> iV'/A , 

assigning to each supertranslation (ft a 4- vector vr(0) = (po)Pi>P2)P3)- 
At the end of the day one ends up with [2^] 



Little group 


orbit invariant 


representation label 


SU{2) 


p 2 = m 2 , sgn(po) 


discrete spin j (dim=2j+l) 


r 


p 2 = m 2 , sgn(po) 


discrete spin s 


r 


p 2 = 0, sgn(po) 


discrete spin s 


r 


i '1 
p = —m, 


discrete spin s 


e 


p 2 = m 2 , sgn(po) 


discrete spin s 


C n 


p 2 = m 2 , sgn(po) 


finite dimensional k, 


C n 


p 2 = 0, sgn(po) 


finite dimensional k, 


C n 


2 2 

p = —m, 


finite dimensional k, 


D n 


p 2 > 0, sgn(po) (for p > 0) 


finite dimensional d n , 


D n 


p 2 < 


finite dimensional d n , 


T 


p 2 > 0, sgn(po) 


finite dimensional t. 


O 


p 2 > 0, sgn(po) 


finite dimensional o. 


I 


> 0, sgn(po) 


finite dimensional i. 



Therefore the general kets of the BMS group for massive and non massive 
particles 11 are: 

| p, j,s, k,dn,t,o,i >, \p,s,k>, (30) 

where the new quantum numbers were originally interpreted as possible in- 
ternal symmetries of bounded states [25J,[26J,[27J and the BMS group was 
indeed proposed to substitute the usual Poincare group to label elementary 

10 One can interpret the piece belonging to A as composed of spectrum generating 
operators, while those in B° act on the vacuum in the context of a holograhic description. 
We thank J. de Boer for the remark. 

11 In the BMS group the massive and the massless kets are both labelled by discrete 
quantum numbers related to faithful representations of (almost the same) compact groups 
whereas in the Poincare case massless states are labelled by the discrete number of the 
unfaithful representation of the non compact group E(2). 
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particles due to the absence of non compact little groups and therefore of 
continuous spins. 

Choosing a different topology for supertranslations, however, one regis- 
ters the appearance of non compact little groups in the BMS representations 
theory too (2SI- We believe that precisely for this reason the hope to use 
BMS group to label elementary particles was abandoned. However another 
interpretation of these numbers has been suggested as we are going to see 
soon. 

Consider then the ket for the nuclear (or finer) topology. First of all, 
recall that in this case it is impossible to have an exaustive answer since not 
much is known about discrete subgroups. Nevertheless we have [23] 



Little group 


orbit invariant 


representation label 


r 


p 2 = m 2 , 0, — m 2 , sgn(po) 


discrete 1 dim. spin s 


SU(2) 


p 2 = m 2 , sgn(po) 


discrete 2j + 1-dim. spin j 


A 


p 2 = 0, sgn(po) 


finite dim. 5 or 00 dim. 


Si 


p 2 = 0, sgn(po) 


finite dim. si 


s 2 


p 2 = 0, sgn(po) 


finite dim. S2 


S3 


p 2 = 0, sgn(po) 


finite dim. S3 


Sa 


p 2 = 0, sgn(>o) 


finite dim. S4 


s 5 


p 2 = 0, sgn(>o) 


finite dim. S5 



We omit the study of little groups with m? < since in principle they 
have no physical relevance. Thus the general ket for the BMS group in the 
nuclear topology is: 

|p, j,s,{t n } >, \p,j,s,6,{s n }> (31) 

where the first case refers to faithful representations with m 2 > and the 
index {t n } stands for all the representation numbers of finite groups; the 
second ket instead refers to the massless case and {s n } stands for all the 
representation numbers of the non connected groups. 

Note that it is because of the infinite dimensionality of supermomentum 
space that one has non-connected or even discrete little groups, since one 
can have a lot of invariant vectors in this case. This is quite unfamiliar, 
since angular momenta are normally associated with connected groups of 
rotations. From an experimental point of view this also renders problematic 
the measurement of these "Bondi spins" as they are normally called. Indeed 
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only in the case of the little group 577(2) BMS representations contain a 
single Poincare spin, otherwise they contain a mixture of Poincare spins. 
Note also a curious fact: for m 2 > all bosons with the same mass appear 
in the same multiplet while all fermions with the same mass appear in the 
same multiplet though corresponding to different representation. 

6 Wave equations 

In this Section we derive the covariant wave equations for the BMS group. 
As remarked before and in the following, nuclear (or even finer) topology 
is expected to be associated with unbounded systems, perhaps with infinite 
energy too. This would require in general Einstein equations in distributional 
sense and a different notion of conformal infinity. We therefore restrict to 
the Hilbert topology describing bounded systems in the bulk. 

Canonical wave equations have been suggested in [23J, though physicists 
normally use covariant wave equations. To derive them we use the theorem 
contained in [22J which shows how to get irreducible covariant wave functions 
starting from (irreducible) canonical ones. The framework- based on fiber 
bundle techniques, is quite general and elegant. For definitions and notations 
see Appendix B, which we suggest to read before this Section. 

We are also going to use sort of diagrams in the discussion which, al- 
though not completely rigorous, may help to handle the formalism easier. 

Consider then the following diagram 

G = N x SL{2, C) -^-»- GL{V) 

A- ; F(N, V) 

The representations induced in the above way are usually referred as 
covariant. Since the bundle is topologically trivial i.e. G = N x SX(2,C) 
we are free to choose a global section sq ■ N — > G and the natural choice 
is so(n) = (n, e); it is possible to see from (jHH)| that 7o((w, k), n') = (0, k) 
which implies that the matrix A(g, n') = £(7(5, n')) (see Appendix B for def- 
initions) does not depend on the choice of the supertranslation n' whereas 
this fails for induced representations. The only problem for covariant rep- 
resentations is that in general they are not irreducible even if S is, but as 
said a method [22] to compare covariant and induced representations was 
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formulated. Consider indeed the following "diagram": 

G ~ G = N k SL(2,C)— — *■ GL(V) , 

TT I * 

V 

N« ~, F(N,V) 

where N is the character space of N and F is the bundle NkSL(2, C) x sl(2,C) 
V. Thus we can introduce a T representation acting on the sections of T(F): 

f(n,k)tp(kx) = (kx)(n)k$(x), 
which is a transposition of 

f{gMg X ) = #(x>- (32) 

Using the natural section (in the character space) so(x) = (x> e ): the 
action of the group G on the function / : N — > V is given from (|3*2*|l by 

(f so (n, k)f) (k X ) = (k X )(n)X(k)f( X ), (33) 

which we can refer to as the covariant wave equation. The relation be- 
tween induced and covariant representations can be made now choosing a 
fixed character on an orbit Q (physically speaking going on shell) and deno- 
ting with a the representation of Kxo subdued by S. 

The essence of the Theorem contained in (2H1 is that if W is the canonical 
representation of G in T(F) induced from xo°~ than there exists an isomor- 
phism of bundles p : F — > Fq such that the map R : T(F) — ► T(Fq) defined 
by Rip(x) = POKx)) satisfies 

RoW = f n oR, 

which states the equivalence between W and Tq. Notice that with Tq and 
with Fn we simply refer to the (on shell) restriction on the SL(2, C)-orbit. 
The above framework can be applied for a given group G = N K H as follows: 

1. identify all little groups H x C H and their orbits (labelled by Casimir 
invariants) 

2. construct a representation induced from H x and choose a section for 
the bundle G ((G/G x ), n,G x ), 
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3. construct the canonical wave equations for each little group. 

4. construct the covariant wave equation starting from a representation 
of H upon the choice of a section of the fiber bundle G(N, tt, H). Write 
the covariant wave equation in the dual space. 

5. relate the induced and the covariant wave equations restricting the 
latter to the orbit of a little group and then defining a linear transfor- 
mation V acting on functions given by 

v = u x ( s - 1 ( P )), 

where U is the representation of H and s is the section chosen at point 
(2). 

6. since the representation U is in H and it is reducible, it is necessary 
to impose some constraints (i.e. projections) on the wave functions 
corresponding to the reduction of the representation U to one of the 
little groups. 

Poincare group 

We review first how the above construction applies to the Poincare group 
T 4 ix SL(2, C). For further details we refer to the exsisting literature I22| . 
[271] and (HD]- As discussed before, little groups and orbits of the Poincare 
group are well known and in particular for a massive particle the orbit is 
the mass hyperboloid SL(2,C)/SU(2) ~ K 3 and a fixed point is given by 
the 4- vector (m, 0,0,0). A representation for SU(2) is the usual 2j + 1- 
dimensional D J and a global section (see appendix of (2^]) for SU{2) can 
be chosen remembering the (unique) polar decomposition for an element 
g £ SL(2, C) given by g = pu where p is a positive definite hermitian matrix 
and u € SU{2). Thus a section r\ can be written as: 

r,(p)=rj(p[SU(2)]) = (p,0). (34) 

This concludes the first two points in our construction; a canonical wave 
equation can be immediately written starting from l|59|l as: 

U m ' + ^ (g) f(gp) = e^Di[p- K ] K k g p kv ]f(p), (35) 

where g = (a, A), the exponential term is the character of a € T 4 , the • 
represents the Minkowskian internal product, p is a point over the orbit, U 
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is a representation of the little group over an Hilbert space Ttj and f(p) is a 
function in L 2 (SL(2,C) kN/SU(2) KN)®Hj. Notice also that the represen- 
tation is labelled by the SU(2) quantum number j and by the indices m, + 
that allow to select a unique point over the orbit through the identification 
m = K and sgn(K) > 0. 

The covariant wave equation can be written for functions f(p) € L 2 (T 4 )®Tt\ 
as: 

(u x (g)f) (a) = U x (A)f(A-\a - a')), (36) 

where g = (a', A) and U\ is a representation of SX(2,C). In the dual space 
l(36|) becomes: 

(U\g)f) (p) = e i P- a U x (A)f(A- 1 p). (37) 

This concludes the fourth point of our construction; the reduction to the 
orbit of the SU (2) little group can be achieved requiring the mass condition 
for each f(p): 

9( Po )(p 2 -m 2 )f(p) = 0, 

which amounts to restrict 12 the measure d 4 (p) to dfj,'(p) = 2ir5(p 2 —m 2 )9(p°)d 4: p. 
This means that instead of dealing with functions in L 2 (T 4 ,d 4 p) ® TL\ we 
consider elements of the Hilbert space 7i m ' + ' X = L 2 (T 4 , dfi'(p)) <8> H\. In 
order to relate the canonical and the covariant wave equations, we introduce 
the operator 

v = Uxip; 1 ), 

where p~ l = f](p)^ 1 . This acts on functions as 

(Vf)(p) = U x {p- 1 )f(p). 

Thus if we define the space to coincide as a vector space with 7^ m '+- A 

but equipped with the inner product 

(/,/% = / dp'(p) (U x (7 1 (p))- 1 f(p),U x (r ] (p)- 1 )f(p)) Hx , 

we see that the map V is indeed unitary and substituting it in l(3*7|) through 

v -l um ,+,Xy = jjrn,+,X wg g{jt . 

(U m ' + ' x (g)f) (p) = e l <^>C/ A (p; 1 A PA - lp )/(A- 1 p), (38) 

which is coincident with the canonical wave equation even if U\ is still a 
representation of SL(2, C). This means that in general our wave function has 

12 Here and in the following we denote with / the measure restricted to the orbit. 
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more components that those needed and for this reason, we have to introduce 
a suitable orthoprojection modding out the unwanted components. This can 
be done introducing a matrix tt such that 

nf(p) = f(p), 

where p is a fixed point over the orbit. Another way to express the projection 
operation is to consider the point f'(p) = (U(A)f)(p) and the equation l(88|) 
in order to obtain the more familiar expression 

tt(p)/(p) = /(P)> 

where p = Lj^p and where n(p) = D~ 1 (A)irD(A). Using the decomposition 
A = ppj that we introduced in order to construct the section for the SU (2)- 
orbit and using the fact that tt commutes with -D( 7 ) with 7 S SU(2), then 
7r(p) = D~ 1 (p p )-kD(pp); so we have that ir(p) transforms as a covariant 
matrix operator. 

Let us consider explicitly the case of a massive particle with spin |; to 
preserve parity we consider the representation D^2'°) © D^ '^\ the matrix tt 
projecting away the unwanted components is: 

n = diag[l, 0,0,0] =l( 7o + J), 

where 70 is the usual Dirac's 7 matrix. Using the covariant transformation 
of this matrix, we find that 

p(|.0) ejD (04))-i(A p )vr (D^ )©D^)(A p )) =-L( 7/ ^ + m)) 

where p = Lap and where p = (m, 0, 0, 0) is a fixed point in the SU (2)-orbit. 
Thus the equation 7r(p)/(p) = f(p) for f(p) G L 2 (K 3 , dp(p)) ®Tt\ becomes: 

(7^ - m)/(p) = 0, 

which is the well known Dirac equation. In a similar way we can find the 
well known equations for all SU(2) spins. 

Let us briefly remark that for massless particles the situation is more 
complicated since in this case we have to deal with the non compact E(2) 
group. The representation of £X(2,C) cannot be fully decomposed into 
representations of E(2) and thus the orthoprojection condition has to be 
modified 
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6.1 Wave equations for the BMS group 

Recalling the discussion on representations of the previous Section we focus 
on the Hilbert topology case and derive the covariant wave equations for the 
little groups SU(2),T, 6 and finite groups. 

The group SU(2) 

Clearly the first point of the construction has already been given by Mc- 
Carthy ([22], (2S]) togheter with a partial classification of the orbits. For 
massive particles a great difference arises from the Poincare group where the 
only orbit with m > is the one of the SU(2) little group whereas for the 
BMS group, apart from SU(2), we need to consider more groups as it can 
be seen from the tables in the previous Section. 

Let us now address point (2). Remember that in this case the orbit is 
isomorphic to and that a fixed point on the orbit is given by a con- 
stant function K over the sphere S 2 . Thus the orbit is uniquely char- 
acterized by the mass m 2 = K and the momentum 4-vector is given by 
7r(0) = (m, 0, 0, 0) where is a constant supertranslation. A section for the 
bundle G(SL{2,C) x N/SU{2) x N,tt,SU{2) x N) has been given in the 
previous discussion on the Poincare case through the polar decomposition 
g = pu with u G SU (2) and p a positive definite hermitian matrix. Thus a 
section rj can be written as: 

r)\p]=v[pSU(2)) = (p,0). (39) 

Point (3) is also easy to implement starting from the well known repre- 
sentations of SU (2) since (|59|l becomes: 

U m '^ (g) u(gp) = e^'^KX Va>W, (40) 

where g = (a, A) € BMS, the exponential term is the character of the 
supertranslations a expressed via the Riesz-Fischer theorem, p is a point 
over the orbit, U is a representation of the little group over an Hilbert space 
Hj and u{p) is a function in L 2 (SL(2, C) x N/SU{2) tx N) ® Hj. 

After completing point (3), we can write the general covariant wave equa- 
tion. In this case we deal with functions / G L 2 (N) <8> TC\ (A is index for an 
SL(2,C) representation) i.e. 

(U x (g)f) (0) = U x (A)f(A- 1 ( ( p - 0')), (41) 
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where g = (<//, A) and U\ is a representation of SL(2,C). We go to the dual 
space of supertranslations using the well defined character x( a ) and func- 
tional integration restricting to the SU(2) orbit to get for f(a) € L 2 (N)®H\. 

(u x (g)f) (a) = e t <f'' a >U x (A)f(A- 1 a), (42) 

Thus in the end we deal with functions in the Hilbert space 7Y m >+' A = 
L 2 (N,dp') <S>Ti.\. The linear operator relating the induced and the covariant 
wave equations is given for a generic point in the orbit p = ((f), A) by 

V = U x { P ~ l ), 

where p~ l = ri(p)~ l . This acts on functions as 

{Vf)(p) = U x {p- 1 )f{p). 

Thus if we define the space 7i™' +,A to coincide as a vector space with 7^ m '+- A 
but provided with the inner product 

if, f)v = [ dn\p) (EMi/fcOrVfo), U x ( V (p)-i)f>(p)) Hx , 

J orbit 

we see that the map V is indeed unitary and substituting it in l|4*2|) through 

v -l um ,+,\y = jjrn^X wg get; 

(U m ^\g)f) (p) = e i <^>[/ A (p; 1 A PA - lp )/(A- 1 p), (43) 

which is coincident with the canonical wave equation though U\ is still a 
representation of SL(2, C). 

The last point of our construction comes into play since we need to impose 
further constraints on the wave equation in order to mod out the unwanted 
components arising from the fact that U\ is a representation of SL(2, C) that 
has to be restricted to an SU(2) one. This reduction can be expressed using 
a matrix ir and, for the BMS group, the discussion for SU(2) is exactly 
the same as in Poincare; so if we choose a fixed point 4> in the orbit, the 
constraints we have to impose becomes: 

n[SU(2)]f$) = (44) 

Remembering that a representation D^ 1 '^ 2 ' € SL(2, C) can be decomposed 

, . . . h+h 

into SU(2) representations through D Ulj2j = D 3 , the matrix tt sim- 

i=\h-h\ 

ply selects the desired value of j from the above decomposition. If, as an 
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11 1 

example, we consider the value j = 1 in the representation D^>2> = D'j , 

3=0 

the matrix ir is: 

n[SU(2)] = diag[0, 1,1,1]. 
The group V 

Consider now T, namely the double cover of 5*0(2). An element of this 
group is given by a diagonal complex matrix: 



e5* 
e~i 



Again in the orbits for this little group were studied and it was shown 
that both the squared mass and the sign of the energy are good labels. A 
fixed point on this orbit is given by a supertranslation depending only on the 
modulus of the complex coordinate over S 2 i.e. ifi = z |) (or equivalently 
in real coordinates this means that ip(0,ip) does not depends on </>).Thus in 
this case the projection over the four-momentum for the fixed point is 

7T(^,^)) = (po,0,0,p 3 ). 

Notice also that we choose in the orbit of T those functions not in the 
orbit of SU (2)-i.e. they cannot be transformed into a constant function; 
this means that any point in the orbit has the form ip = Tip{\ z |), In 
[23j a l so a section for the bundle G{SL{2, C)/T, n, T) has been given: any 
element g G SL(2, C) can be decomposed as explained before as g = pu with 
u G SU{2). The element u can further be decomposed as u = J^cro^ which 
implies g = tj^ where now 7^ G T. Thus a section can be written as: 

r?(r[r]) = (0,r) G BMS. 

This completes the first and the second point of the construction. The canon- 
ical wave equation can be written directly from the one-dimensional repre- 
sentation for T acting on an element 7 as a multiplication in one complex 
dimension: 

D s ( 7 ) = e ist . 

This leads to 

U m > + ^(g)f(g P ) = e^^D^rX' A g r Ap )f{p), (45) 
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where g = (a, A) € BMS, f(p) is a square integrable function over the orbit 
SX(2,C)/r ~ S 3 x S 2 and the indices on the left hand side label the orbit. 

Notice that the difference from SU (2) is that these indices are not uniquely 
determining the orbit since in that case the fixed point was given by the con- 
stant supertranslation K = m and for this reason the value of the mass, and 
the sign of po were fixing in a unique way the point over the orbit. On the 
other hand here the labels m, +,£>o are fixing only a class of points with the 
same 4-momentum i.e. p^ = (po, 0, 0, \j m 2 + pf) whereas the supertransla- 
tion associated is not unique since in real coordinates it has the form: 

<l>{0) =Po+P3Cos9 + h{6), 

for all possible h(9) T-invariants. 

It also worth stressing that if we choose po = m and P3 = (i.e. the 
equivalent of the rest frame), the associated supertranslation is not constant 
but it has the form (f)(9) = K + h'(9) with h! ^ since otherwise the point 
would belong to the SU(2) orbit which is impossible. This can be seen 
as the impossibility to define ordinary angular momentum . More generally 
this is related to the statement that the representations of BMS different 
from SU (2) cannot be uniquely reduced to Poincare ones but each of them 
decomposes into many differents Poincare spins as recalled before. 

Point (4) of our construction goes along similar lines just by reducing 
the functional integration to the corresponding orbit. Thus we only need to 
define the linear map for a generic point over the orbit p = (a, A) 

V = uip- 1 ), 

where p~ 1 (p) is the inverse of the section rj(p). As in the case of SU(2) this 
linear operator switches from the space H m ^ + ^o< s = L 2 (N,d/j,') ® H s to the 
space 7Y™' + ' Po,s which coincides as a vector space but the internal product 
is: 

0M),= / d f i'(p){U x ( V (p)- 1 )^(p),U x (7 ] (p)- 1 )<p(p)) Hs . 

5R 3 xS 2 

As before substituting the map V into {52} , we g e t ; 

(t/ m ' + ' P0 ' A G?)/) (p) = e l <*- a >[/ A (r- 1 Ar A - lp )/(A- 1 p), (46) 

which is coincident with lJ3Hjl except that the representation needs to be 
reduced from SL(2, C) to T. Since all little groups in the Hilbert topology 
are compact, we know that U is always completely reducible and that the 
desired irreducible component can be picked out. 
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As before we start from a representation D^°'^ © £)Cj>°) to make sense 
of parity and we impose restriction. Since the decomposition of D 3 (SU{2)) 
into r is well known and has the form: 



D\V) = U m (T), 



we can first project from SX(2,C) into a representation of SU(2) and using 
the above decomposition, select a particular value of s. The procedure is 
basically: 

J1+J2 jl+32 3 

D (n,n) (g)= D j {g)= 0D-G7). 
j=b'i— J2I j=b'i-j2| s=-j 

The subsidiary condition is: 

7r(r)/(^) = 

where is a fixed point over the orbit (i.e. (ft = po + P3COS6 + h{9)) and 
where n(T) extracts from the above decomposition the desired s component. 
As an example in the case of s = 1 from the representation we know 

that: 

3=0 3=0 s=-j 

so that 

vr = diag[0,0,0, 1] 
The group 

The third group we examine is the compact, non-connected little group 
G = TR2 where R2 is the set (not the group) given by the matrix / and 

J = 10 r ^^ 16 °^ S rou P 1S gi ven by the points in the orbit 
of T which are also invariant under R2. This last condition is equivalent to 
require for the supertranslation ip(9) = ip(—6). Upon projection over the 
dual space this implies that = po + p?,cos9 = po. Thus a fixed point 

under the action of G is an element of the orbit of T with the form 

Y>(0) = Po + h(9), 

with clearly h(6) 7^ since otherwise the supertranslation would be in the 
SU{2) orbit. 
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Another important remark is that the orbit SL(2, C)/0 is x P 2 which 
is the same orbit of the group V plus the antipodal identification of the points 
over the sphere due to R2. In order to choose a section we remember that 
every g € SL(2,C) can be decomposed as g = T7 with 7 € T; a point in 
SL(2, C)/r is thus identified with the value of r. In our case a global section 



(see [25J) can be given noticing that every matrix <jg 

can be decomposed as gq = ag/q with < 0' < ^, q = 
Since any element g of SX(2,C) can be written as g = pu 
can plug in the above decomposition 



COS 2 



1 sin • 



i sin 2 



cos ■ 



.k and r G 

2 

= /97$<76»7Vm we 







Thus we can see that a section u : G/Q — > G is given by w(g0) = 
uj(Xq'Q) = to(XQ) = A. Prom this we can easily write a section SL(2, C) x 
N/Q tK N —>■ SL(2,C) k N as: 

ry(/3) = (/3,0). 

This concludes point (1) and (2) of the construction. Consider now O rep- 
resentations: the 1-dimensional one when s = (s is the index for the 
representation of T) which is U{^) = 1 and U(J) = —1 whereas for integer 
s we have: 



£2 



S(f> 











U(J) 



(-y 

1 



Recalling that the for the orbit of we can apply the same considerations 
and the same labels as for T except that in our case ps = (and po = in), 
we can write 



U" 



i<<j>,a> jjs\ R -l 



^XVa,]/(p), 



(47) 



where here we denote with D s the representation of over an Hilbert space 
H s and thus the function f(p) is in H m > + < s = L 2 (SL{2,€) x N/Q X N) <g> 
7i s . We proceed than as in the previous cases. We introduce the operator 
V = U s {ri(f3(p)- 1 )) that sends the Hilbert space H m > + > s to H™' + ' s which is 
coincident as a vector space to the first but it is endowed with the internal 
product: 



H 



!R 3 xP 2 
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As usual substituting the map V into (|4*2*|) we get: 

(U m ^\g)f) (p) = j^U^A^-^KA^ 1 ), (48) 

where f(p) = (Vf)(p) and U\ is the restriction of U\ from 5L(2,C) to 0. 
We now reduce U\ and this is indeed possible since is compact. This can 
be achieved as for the V case using the character formula (see (H^) and every 
single s appears exactly once in the decomposition of SU(2). We proceed 
then as in the V situation with the exception that now the projection equation 
ir[Q]f((f>) = f((f>) is applied to the supertranslations which are a fixed point 
over the orbit of the group. The form of the matrix will indeed be the 
same. 

Finite groups 

Only finite dimensional groups have to be considered in the massive case. 
We shall address only the (double cover of the) cyclic group C n as an example 
since all the others are similar cases. 

The group C n is given by the diagonal matrices: 



where 1 < k < 2n. The orbit for this group is constructed from a fix point 
which is given by those supertranslations satisfying the periodic condition 
i/j(9,(p) = ip(9, ip+ Thus, a part from the case n = 1 which is trivial, the 
above condition tells us that the function tp(9,ip) = po + p^cos9 + k(9,<p) 
where k(9, (p) is a pure supertranslation. Furthermore we can assign a global 
section to this orbit noticing that any element of Y can be decomposed as: 



e*3 




' A 




■ Tvk 

e l — 


e~ l -2 




e"^ _ 




e~ l ~ 



where < t' < ~. Since any element g of SL(2, C) can uniquely be written 
as g = rjg, we can plug in the above decomposition writing g = Tjg>Ck- 
Thus Lo(gC n ) = Lo(T^f0iCkC n ) = Lo(aC n ) = a. This concludes both points (1) 
and (2) of our construction. The representation is simply one dimensional 
and gives D ' (g) = e *> with 1 < k < In. Thus the canonical wave equation 
is simply: 

U m > + ^> k (g)f(gp) = e^ a >D k [a- A 1 gA A g a Ap ]f(p), (49) 
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where as usual g = (a, A), p is a point over the orbit and f(p) € L 2 (SL(2, C x 
N/C n x N) ® TLk- The operator relating the two description is as usual 
V = Uxir/p 1 ) that acting on functions over n m ' + ' PihX = L 2 (N, dfj/) ® H\ as: 

(vf)( P ) = u x ( v -Hp))f(p)- 

Thus V sends the Hilbert space T-i m ' +,po ' s into 7Y™' + ' P0,S which are coincident 
as vector spaces but the latter is endowed with the inner product: 

(/,/'),= / d^{U x (7 1 (p)- 1 )f(p),U x ( V (p)- 1 )f(p)) nx . 

Substituting the map V into (jl3*)l. we get 

^m, +1 p ,A/) ^ = ^<^«>[/ a ( Q! -1Aq !a - 1 )/(A- 1 p), (50) 

which is as usual coincident with except for the fact that we need some 
further constraints to select the rep we like. In this case we can start from a 
representation of SL(2, C) and progressively reduce it first to 577(2) then to 
T and in the end to C n . Following [HI] we only need to consider the reduction 
of a representation D s of T. Since on an element c n E C n D s acts giving e~ 
whereas the representation of D of C n gives e « ; thus the representation 
of C n appears only one or no times in D s . This condition is expressed by 
the equation s = ^(mod n). From this we can see that 

D (n,n) {g)= 2 5 s , {modn) D\g). 
i=\h-h \ s =-i 

We can easily now extract the orthoprojection matrix ir and write the addi- 
tional conditions 

AC n ]f(4>) = f(4>), 

where is a fixed point over the orbit of the C n group. As an example let 
us consider the case k = for C*2 in the representation D^'^\ We find 
from the decomposition that the U (C2) can appear only when the equation 
= |(mod2) holds; since p ranges only from —1 to 1, this implies that the 
desired representation appears only once in each Z)°(r).Thus 

vr[C7 2 ] = diag[l, 0,1,0]. 

This concludes our analysis for the massless case and also for the massive 
case, since all other discrete groups in the Hilbert topology are acting like 
the cyclic. 
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6.2 Generalizations of the BMS group and possible exten- 
sions of the results 

A natural question arising both from the representation theory and wave 
equations concerns the origin and meaning of discrete little groups. A sug- 
gestion comes from [H2] where McCarthy studies all possible generalizations 
(42 at the end) of the BMS group. Among them one finds N(S) IX L + where 
L + is the usual (connected component of the homogeneous) Lorentz group 
and N(S) is the set of C°° scalar functions ("supertranslations" this time 
defined on a hyperboloyd and depending on three angular coordinates) from 
S = {x G M 3,1 | x ■ x < 0} to R. This group is isomorphic to the Spi group 
identified by Ashtekar and Hansen jSH] as the asymptotic symmetry group 
of spatial infinity in. in asymptotically flat space-times. The study of the 
representations for this group as well as for all others BMS-type groups can 
be carried on exactly along the lines of the original BMS. Thus we have 
still a freedom on the choice of topology for the "supertranslation" subgroup 
and wave equations can be in principle derived exactly in the same way as 
we did in the previous sections. Furthermore this suggests that a candidate 
field theory living on iq with fields carrying representations of Spi, should 
display, as well as the theory on 9F, a high degree of non locality this time 
with even more degeneracy since three instead of two angular coordinates 
define supertranslations. 

Finally McCarthy also identified the euclidean BMS and the complexi- 
fication of the BMS group 13 ; the study of representations for these groups 
endowed with Hilbert topology gives rise to discrete groups and it has been 
suggested to relate them to the parametrization of the gravitational instan- 
tons moduli space. 

7 Implications for the holographic mapping 

7.1 Identifying boundary degrees of freedom 

As we have seen in the previous analysis wave functions appearing in co- 
variant and canonical wave equations are functions of the supertranslations 
or in dual terms of supermomenta. We have therefore a huge degree on 
non locality, the fields depending on an enormous (actually infinite) number 

13 The euclidean BMS is the semidirect product of iV(R 4 - {0}) with 50(4) whereas the 
complexification of BMS is given by the semidirect product of the complexified Lorentz 
group CSO(3, 1) with the space of scalar functions from Af = {1 £ C 4 j x ■ x = 0, 2: / 0} 
to C. 



34 



of parameters entering into the expansions of supertranslations (supermo- 
menta) on the 2-spheres. 

In addition their fluctuations are supposed to spread out on a degenerate 
manifold at null infinity. Recall also that supertranslations act along the 
u direction and are punctual transformations, with u playing the role of 
an affine parameter. Because of the difficulties in defining a theory on a 
degenerate manifold we find therefore more natural to place these fields and 
the putative boundary dynamics on the so called cone space the space 
of smooth cross sections on Q\ The BMS group is thus interpreted as the 
group of mappings of the cone space onto itself. 

We can give a pictorial description as follows: fix a two sphere section on 
G and associate with this a point in the cone space calling this the origin. 
Any other point in the cone space will correspond to another two sphere 
section on 9 and can be obtained by moving an affine distance u = a(6, 4>) 
along the original 3?, In this way points on cone space are mapped one to 
one to cross sections on 9. 

Therefore the holographic data ought to be encoded 14 on the set of 2- 
spheres and these in turn are mapped to points in cone space; we think then 
the candidate holographic description living in an abstract space, implying 
at the end of the day that holography should be simply an equivalence of 
bulk amplitudes with those derived from the boundary theory. 15 

An interesting consequence of working in the cone space is that one has 
in principle a way to define a length and therefore separate, in some sense, 
the spheres S 2 along null infinity. One can actually choose coordinates on 
the cone space: they will be the coefficients entering in the expansion of su- 
pertranslations in spherical harmonics. One can then show that there exsists 
an affine structure (infinite dimensional) on the cone space and eventually 
define a length for vectors in the cone space 



This should allow to define [SS] a sort of "cutoff", a concept otherwise absent 
on the original degenerate 9. In the case of AdS/CFT the dual theory is a 
CFT with no fundamental scale. There, however, one uses the fact that AdS 

14 See [$4, f° r a similar considerations despite differences in the choice of screens. 

15 The situation can be compared to the BMN j^S] limit of AdS/CFT, where the bound- 
ary of a pp-wave background is a null one dimensional line and geometrical interpretation 
seems difficult (and may be lacking). Again holography seems to be thought as an equiv- 
alence between bulk/boundary amplitudes, the latter may be living in some smaller CFT. 




(51) 
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is basically a "cylinder" to end up with the correct counting from both sides 

051 • 

This goes along the direction suggested by Bousso in [Hlj. Actually apart 
from the special AdS case where one can show that, moving the boundary- 
screen to infinity, the boundary theory is indeed dual since it contains no 
more than one degree of freedom per Planck area [SHI, the "dual theory" 
approach should not work in our case and one should expect theories with 
a changing number of degrees of freedom in the case of null boundaries. 
Degrees of freedom should appear and disappear continuously 16 . The de- 
pendence of l(5T|) on the coefficients tells us that a possible cut off length can 
change according to the number of coefficients we switch on-off. In turn we 
have seen that again a(0, 4>) enters in the changing of asymptotic shears and 
we have related the possibility of more/less bulk production according to the 
vanishing of asymptotic shear. 

Interestingly, more/less bulk entropy will have at the end of the day effect 
on the way one defines lengths on the cone space. 

7.2 Similarities with 't Hooft S-matrix Ansatz for black holes 

The final picture one gets is quite similar to the scenario proposed by 't Hooft 
[Sni in the context of black holes. In this case we have sort of holographic 
fields living on the horizon of the black hole. Time reversal symmetry is 
required and therefore one has operators living on the future and past hori- 
zons. 

The description is given in first quantized set up and the degree of non 
locality is eventually expressed in the operator algebra at the horizon 

[ u (n),v(n')]=if(n-n') (52) 

where u(£l),v(Q) are the holographic fields living on the future/past horizon 
depending on the angular coordinates O and /(f2, fl') is the Green function 
of the Laplacian operator acting on the angular horizon coordinates. Clearly 
the algebra is non local. 

In this case too the angular coordinates are at the end of the day respon- 
sible for the counting of the degrees of freedom, even if 't Hooft S-matrix 
Ansatz is derived in a sort of eikonal limit assuming therefore a resolution 
bigger than Planck scale in the angular coordinates. 

The Green function /(O, W) tells us how to move on the granular struc- 
ture living on the horizon and it is similar to our supertranslations generated 

16 We thank G.'t Hooft for stressing this point also in cosmological context 
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indeed by P\ m = Yi m {VL)d u . The holographic information is therefore spread 
out in both cases on angular coordinates. 

Going then to a second quantized description of 't Hooft formalism, fields 
are expected to be functional of u(O) and v(Q), pretty much in the same way 
of our case. A proposal of 't Hooft (for the 2+1 dimensional case) preserving 
covariance is indeed 

0~ J dn(5(x\n) - x)5(x 2 (n) -y)5(x°(n) -t)) (53) 

orderings 

where fields are functionals of coordinates in turn depending on the angles. 
Of course the horizon itself is a very special null surface and the set up 
is different, since the whole 't Hooft picture is dynamically generated in a 
holographic reduction taking place in a sort of WKB limit. At the end of 
the day, however, angular coordinates and their resolutions are the basis for 
the book-keeping of states. 

The horizon itself is a sort of computer storing-transmitting information. 
One looses in a sense the notion of time evolution. This suggests that also 
in our case (recall that u acts via point transformations) the fields we have 
constructed are not quite required to evolve but are independent data living 
on the 2-spheres. What generates the dynamics should be a S-matrix in 
the spirit of 't Hooft. In this sense, the states are indeed holographic, since 
contain all bulk information. 

7.3 Remarks on the construction of a S-matrix 

Therefore, in analogy with 't Hooft scenario, we could imagine [36| a S-matrix 
with in and out states living on the respective cone spaces corresponding to 
3 :+ and Q 5- with fields carrying BMS labels. Of course the big task is to 
explicitly construct such a mapping. 17 

However, the motivation for a S-matrix is also due to the fact that in 
the asymptotically flat case we have problems with massive states which can 
change the geometry at infinity. In the case of AdS/CFT correspondence, 
on the other hand, it is true that one has a sort of box with walls at in- 
finity so that quantization of modes is similar to fields in a cavity. But via 
the Kaluza-Klein mechanism one generates a confining potential for massive 
modes. Note also that already for massless fields the scattering problem 

17 One should also may be take into account the role of spatial infinity in gluing the past 
and the future null infinities. 
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in the physical spacetime can be translated in a characteristic initial value 
problem at null infinity in the unphysical spacetime. 18 

The way in which one should proceed in quantizing has to be different 
from the usual one, since one does not need choices of polarizations to kill 
unwanted phase space "volume". This has already been pointed out in 0^ 
discussing BMS representations and therefore is automatically induced to 
fields carrying BMS representations we have constructed. 

The choice of Hilbert topology, as already remarked, should be associated 
with bounded sources in the bulk, while the nuclear one should correspond 
to unbounded systems. In order to accommodate the unbounded systems 
which ought to correspond to scattering states, one should however define 
a proper notion of conformal infinity for unbounded states and this seems 
a difficult problem. Note however that to have a unitary S-matrix in a 
candidate holographic theory one must include unbounded states into the 
Hilbert space, otherwise asymptotic completeness 02] is violated. 

In [21] it was also suggested to take a finer topology than the nuclear 
one because of the freedom in the topology choice for the supertranslations. 
It was proposed to use real analytitc functions enlarging therefore super- 
momenta to real hyperfunctions on the sphere. Interestingly quantum field 
theories in which fields are smeared by hyperfunctions show a non local be- 
haviour and the density of states can have a non polynomial growth. This 
might in principle allow to recover bulk locality 19 although one should con- 
sider hyperfunctional solutions to the Einstein's equations. Moreover, if one 
assumes that the high energy behaviour of the density of states in the bulk 
is dominated by black holes, the exponential growth of states which suggests 
an intrinsic degree of non locality might be explained by working with hy- 
perfunctions. This is again in sharp contrast with the asymptotically AdS 
case where the black hole density of states grows essentially like the entropy 
of a CFT [B]. 

8 Concluding remarks 

Previous considerations show that holography in asymptotically flat space- 
times is in principle quite different from the usual paradigm in which we are 

18 2S] contains a derivation of the Hawking effect and an interesting discussion on the 
BMS group. The main point is that one can have in any case an unambiguous definition of 
positive/negative frequencies and this is what matters for the Hawking particle production. 
Recall however that there ones refers to fields and their asymptotics in the bulk, not to 
fields carrying BMS representations as the ones we have derived. 

19 See 43^ for similar considerations even if from a different point of view. 
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expected to project information following bulk propagation. 

We have seen the relation between bulk entropy production and bound- 
ary symmetries and the nature of the fields carrying BMS representations. 
We have then suggested a possible way to encode bulk data. An equally in- 
teresting possibility to construct a model which realizes the BMS is to start 
from AdS/CFT and isolate a "flat space region" inside AdS. It follows then 
that the sector of the dual theory that appears to describe this would be the 
deep infrared, namely the uniform modes, or a matrix model in the case of 
the SYM dual to AdS. 20 

This does not mean that holography does not work but it seems likely 
it has to be thought in more general terms as an identity between theories 
living in different dimensions and this point of view has already been adopted 
in various contexts. After all the picture of light rays propagation is classical 
and (near) BPS D-branes and their charges "prefer" AdS in the large N 
double scaling limit corresponding to classical supergravity. 

One might of course think as often done about topological phases of 
gravity, reabsorbing in such a way the infinite number of parameter due to 
non renormabizability in a topological field and pushing then in a natural 
way degrees of freedom to the boundary. However gauge non invariant ex- 
citations seems to be the relevant ones in the usual picture of physics we 
have and the phase transition from the topological phase seems quite diffi- 
cult to explain. Formulating a holographic description in asymptotically flat 
spacetimes remains then a challenging and very open problem. 
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A Induced representations for semidirect product 
groups 

We review in the following the theory of induced representations for semidi- 
rect product groups. Notations and conventions are those of |21| . 

20 The appearance of a Matrix model in the BFSS dual to M-theory also suggests a 
matrix model dual to flat space. We thank the referee for this remark. 
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Choose a locally compact group G and a closed subgroup K C G whose 
unitary representations a : K — > U (M) on a Hilbert space M are known. 
On the topological product G x V, define an equivalence relation 

(gk,v) ~ (g,a{k)v) V/c G K, 

and the natural map 

vr : G x x V -> G/if , (54) 

assigning to equivalence classes [5, fc] the element gif on the coset G/K . The 
structure given in (|54*|l is clearly the one of a fiber bundle where the generic 
fiber over a base point {ir~ l {gK) = {[g,v]}) uniquely determines the element 
v € M . This bijection gives to 7r _1 (^if) the structure of a Hilbert space 21 . 

One can also introduce then a Hilbert G-bundle which is a Hilbert bundle 
as before with the action of a group G on both X, Y such that the map 

a g : x — ► gx, (3 g : y — ► gy 

is a Hilbert bundle automorphism for each group element. 
Choose then a unique invariant measure class on the space G/K defined as 
above-i.e. for any g € G, for any Borel set E and for a given measure \x also 
H g {E) = fx{g~ l E) is a measure in the same class. It can be extended to any 
G-Hilbert bundle Q = (ir : X — > Y) where G is a topological group; besides 
given the Hilbert inner product on a fiber 7r _1 (p) and an invariant measure 
class n we can introduce 

Ti = i^p I 1(3 a Borel section of the bundle, J < ip(p),ip(p) > du(p) < 00 
A unitary G-action on H is given by: 



(g^)(p) = ^{p)g^{g- l - P )), VpeY. 

This action is also a representation of G on 7i and does not depend on 
the measure u. Moreover this construction grants us that for any G-Hilbert 
bundle Q a = (jr : GxrV — ► G/K) defined by a locally compact group G and 
by a K-representation a, it is possible to derive an induced representation 
T{Ca) which basically tells us that from any representation a of K we can de 

21 A Hilbert bundle is defined as 7r : X — » Y where both X, Y are topological spaces and 
a structure of a Hilbert space is given to 71-^ (p) for each p G Y. 
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facto induce a representation T to G. Consider now a group G which contains 
an abelian normal subgroup N. If we choose a subgroup H such that the map 
N x H is bijective, we can show that there exists an isomorphism between 
G and the semidirect product of N k H. 

A character of N is a continuous homomorphism 

X '■ N ► U(l). (55) 

The set of all these maps forms an abelian group called the dual group: 

N = {x I (xiX2)(n) = XiHX2(n)} 

Define then a G-action (G ~ N x H) onto the dual space induced from 
G x N — > N letting (g, n) — > g~ l ng such that 

G x JV -»■ iV 

gives gx( n ) = x{9 n 9)- Thus for any element x £ N, one can define the 
orbit of the character as: 

Gx = {gx I seG}, 

and the isotropy group of a character under the G-action as: 

G x = {d I 9 G G, g X = x}- 

Clearly the set G x is never empty due to the fact that N acts trivially onto 
a character. Introduce now L x = H n G x , then 

G x = N k L x . 

The group L x is called the iittie group of x and it is the isotropy group of 
the character x under the action of the subgroup H C G. 

Consider now a unitary representation a for the little group L x acting 
on a vector space V. Then the map 

X a:NxV^ U{N x V), 

such that (n,v) — > x( re )c(^) ) is a unitary representation of G x on the vector 
space V. So one can introduce an Hilbert G-bundle ir : G xq x V — > G/G x 
with a base space isomorphic to the space of orbits Gx defined for every 
representation x°~- O ne finally has |45j : 
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Theorem 1 (Mackey) Let G = N x H be a semidirect group as above and 
suppose that N contains a Borel subset meeting each orbit in N in just one 
point. Then 

• The representation T(() induced by the bundle ir : G Xg x V ~ * G/G x 
is an irrep of G ~ N x H for any x and for any a. 

• each irrep of G is equivalent to a representation T(Q as above with the 
orbit Gx uniquely determined and a determined only up to equivalence. 

A.l BMS representations in Hilbert topology 

We endow the supertranslation group with an Hilbert inner product: 

<a,/3>= J a(x)p(x)dn; (56) 
s 2 

where x G S 2 , and the supertranslations a, f3 are scalar maps S 2 — > 5ft. 
Therefore N = L 2 (S 2 ) is an abelian topological group. 

Any element a in the supertranslation group can be decomposed as: 

l,m 

This decomposition is topology independent but in the case we are consid- 
ering the complex coefficients a\ m have to satisfy 

ai m = {-) m ai- m . 

Notice that supertranslations admit a natural decomposition into the direct 
sum of two orthogonal (under the Hilbert space internal product) subspaces 
(i.e. subgroups): translations and proper supertranslations. In particular, 
for any a(9, <p) € L 2 (S 2 ), one can write a = «o + &i with: 

i i i 

1=0 m=—l i>l m=—l 

Thus N can be written as: 

N ~ A B, 

where A is the translation group and B = N — A. One has however to keep 
in mind that this decomposition, as an isomorphism, is not preserved under 
the action of the SL(2, C) group. 
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Consider the dual of the supertranslation space, the character space 
N whose elements can be written exploiting the Reisz-Fischer theorem for 
Hilbert spaces as: 

where (ft G N is uniquely determined. The G-action on N is defined as the 
map G x N — » N sending the pair (g, x) to <?x( Q ) = x(<? _1 ( a )); instead from 
the point of view of an element (ft € N, the action G x N — > N is: 

gcf)(z, z) = K~ 3 (z, z)4>(gz, gz). 

The above relation tells us that the dual space N is isomorphic to the 
supertranslations space N and there exists a decomposition of N as a direct 
sum of two subgroups-i.e. N = Aq © Bq, where Aq is (isomorphic to) the 
space of linear functionals vanishing on A whereas Bq is the space of linear 
functionals vanishing on Bq. This means that Aq is composed by those 
character mapping all the elements of A into the unit number and the same 
holds also for -Bo- As in the supertranslation case, this decomposition is only 
true at the level of vector fields since it is not G-invariant. The only space 
which is not changing under group transformations is the subspace Aq. 

Since one can associate a unique element of N, namely (ft to each x( a ) 
one can also decompose this field as: 

1 i i 

(ft(e,4>) = Y^ Yl pi™Yi m (e,<ft) + Yl Yl pimYi m {8,<ft), 

1=0 m=—l £>1 m=—l 

where the first piece in the sum is in one to one correspondence with the 
quadruplet (po,p\,P2,Pz) which can be thought as the components of a mo- 
mentum vector related to the Poincare group. For this reason one can intro- 
duce a new space A' isomorphic both to A and A which is given by the set of 
all possible functions (ft and which is often referred as the supermomentum 
space. 

One can now find representations of the BMS group in Hilbert topology 
with the help of Mackey's theorem applying it to this infinite dimensional 
(Hilbert)-Lie group in the spirit of The first step consists in finding the 
orbits of SL(2, C) in iV which are homogeneous spaces that can be classified 
as the elements of the set of non conjugate subgroups of SL{2, C). In order to 
find a representation for the BMS group, after classifying the homogeneous 
spaces M, we shall find a character xo fixed under M and then identify each 
M with its little group associated with the orbit Gxo ~ G/L. 
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As a starting point we shall consider only connected subgroups of SL(2, C). 
The list of these groups is well known but most of them do not admit a non 
trivial fixed point in N. This request restricts them to 



Little group 


Character 


Fixed point 


Orbit 


SU{2) 


x (a) = e l<K > a> 


<l>(e,<p)=K 


PSL(2,C) 


r 


x ( a ) = e i<C(|*|),a> 


C(M) 


G/Y 


z 2 


x (a) = e i<Mz,z), a > 


4>o(z,z) 


G/SU{2) 



where T, which consists of diagonal matrices, is the double cover of SO (2) 
and where Z 2 is not formally a connected group but nonetheless it is the 
center of SL(2,C) and for this reason it acts in a trivial way. 

At this point one needs to express explicitly the induced representations; 
this operation consists in giving a unitary irrep U of L x on a suitable Hilbert 
space H for any little group and a G-invariant measure on the orbit of each 
little group. For the connected subgroups, one has |23j : 

• the group Z 2 has only two unitary irreps, the identity D° and a second 
faithful representation D 1 both acting on the Hilbert space of complex 
numbers C as: 

D°(±I) = 1, D 1 (±I) = ±1. 

• the unitary irreps of T(~ vr-^Z) are instead indexed by an integer or 
half integer number s acting on the Hilbert space of complex numbers 
C as: 



D s (g) 



where g and 



e 2 




= e is \ 


— it 

e 2 



• the unitary irreps of SU(2) are the usual ones acting on a 2j + 1 
dimensional complex Hilbert space with j G |. 

Consider now the case of non connected little groups; the hope is that 
all these groups are compact since this grants us that their representations 
can be labelled only by finite indices. For the BMS group in the Hilbert 
topology this is indeed the case since it was shown in |2H] (see theorem 1) 
that all little groups are compact. Besides, since the homogeneous Lorentz 
group admits 50(3) as maximal compact subroup, we need to analyse only 
subgroups of 50(3). The list of these subgroups has been in 



C n D n T~A 4 0~5 4 J~A 5 e = TR 2 , 
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where R 2 = \ I,J 



^ J 1. It shows that we are dealing only with 

groups with finite dimensional representations which means that there are no 
continuous indices labelling states invariant under BMS group with Hilbert 
topology. 

As in the usual approach, one can then construct on each orbit a constant 
function, namely the Casimir, in order to classify them. Instead of working 
on N it is easier to consider the space of scalar functions N' isomorphic to 
N and endow it with a bilinear application assigning to the pair (4>i, 4> 2 ) the 
number B((f>i, (f> 2 ) = 7r(</>i)"7r(</>2) where ir is the projection on the momentum 
components (i.e. ir : N' — > A') and the dot denotes the usual Lorentz inner 
product. It is also straightforward to see that the bilinear application is 
G-invariant. 

This last property implies that on each orbit in N, the function B is 
constant and its value can be calculated since ir(4>) = {po,Pi,P2,P3) so that: 

B((f>,(f>) =ir{4>) -tt(0) = m 2 . 

One can thus label each orbit in the character space with an invariant, 
the squared mass, together with the sign of the "temporal" component i.e. 
sgn(po). These invariants grant only a partial classification since, for ex- 
ample, in the case of unfaithful representations, n(4>) = 0, which implies 
that the above invariants are trivial. For faithful representations too, we 
cannot conclude that the classification is complete since different orbits can 
correspond to the same value for the mass. One can also find a constant 
number to label the orbits corresponding to unfaithful representations-i.e. 
an bilinear invariant application mapping at least ^4° to real numbers. This 
has been done in |25j : 

Q 2 = 71-2 / / tt: 1 22 rJijz [ Z ] %r<t>{z\,zi)<t>{z2, z 2 )d[i{z 1 ,z 1 )dix{z 2 , z 2 ), 



(1+ I zi | 2 )(1+ I z 2 P) 

(57) 

where ^ is a function of class C°°(S 2 ). Thus Q 2 is defined only for a subset 
dense in the Hilbert space L 2 {S 2 ) which from the physical point of view 
makes no difference. 

A. 2 BMS representations in nuclear topology 

The study of BMS group to label elementary particles started with the hope 
to remove the difficulty with the Poincare group concerning the continuous 



45 



representations associated to the non compact E(2) subgroup. Unfortu- 
nately, continuous representations appear if one chooses for the supertrans- 
lations a different topology (for istance C k (S 2 )). This was for the first time 
pointed out in j2Hj where it was shown that also non compact little groups 
appear (for instance E(2)). 

Nonetheless it is worth studying representations for the BMS group with 
N endowed with the topology C co (S 2 ). In this case the action of SX(2,C) 
on the space of supertranslations is given by a representation T equivalent 
to the irrep of SL(2, C) on the space Dm 2) introduced by Gel'fand. This 
implies that we have to use techniques proper of rigged Hilbert spaces. 

The main object we shall deal with is Dr nj n) which is the space of func- 
tions f(z,Lu) of class C°° except at most in the origin. These functions also 
satisfy the relation f(az,aw) =\ a |( 2n ~ 2 ) f(z,w) for any a E C. At the end 
of the day, one has the following chain of isomorphisms 

BMS = N x G < — ► x G < — ► D 2 x G, 

where D2 is the space of C°° functions ((z) depending on a single complex 
variable such that any element g(z, w) £ -0(2,2) can be written as g(z, w) = 

I Z |2 £( Zl ) =| w |2 ^ Zl ) with Zl = H and = | Zl |2 

Irreducible representation can arise (see theorem 2 in (23) can arise either 
from a transitive G action in the supermomentum space or from a cylinder 
measure \x with respect to the G action is strictly ergodic i.e. for every 
measurable set X C N' fi(X) = or fj,(N'—X) = and \x is not concentrated 
on a single G-orbit in N' . 

The first step is to classify all little groups; they can either be discrete 
subgroups, non-connected non discrete Lie subgroups and connected Lie sub- 
groups. 

Discrete subgroups can be derived exactly as in the Hilbert case and so 
the only connected little groups for the BMS group are: 

SU{2), T, A, 5L(2,K). 

Here one can point out the first difference between the Hilbert and the 
nuclear topology which consists in the appearance of the SL(2, M) little group 
which will contribute only to unfaithful representations. 

Non connected non discrete subgroups S can be derived using still theo- 
rem 5 in [24J since each S is a subgroup of the normalizer -/V(S'o) where So 
is the identity component of S. Here is the list: 
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• Si which is the set of matrices 



ZTTZ I 

with ci = e«, < r < (n — 1) > , 



a r 
a r 



S2 which is the set of matrices 
e qr 1 

e _ gr where q is a fixed non negative number and r is an integer , 
• & which is the set of matrices 



zi z. 



1^2 u 

zr^ 2 - s 



where 21, £2 £C and r, s are integers, 



£4 which is the set of matrices 



1 r 
1 



To establish the faithfulness of the irreps, one needs to calculate the 
projection on the supermomentum space of supertranslation: 

7r((f))(z') = l - j dzdz(z - z'){z - z')<p{z) ^ 0. 

The only connected groups occuring as little group for faithful represen- 
tations are T, A, SU(2) with vanishing square mass 0. It is also interesting 
to notice that the orbit invariant Q 2 defined for the Hilbert topology for 
unfaithful representations is not available in the nuclear topology since it 
is not defined for distributional supermomenta. Finally no information is 
available about discrete subgroups since it very difficult to classify them 
above all for infinite discrete subgroups. This means that the study of BMS 
representations in the nuclear topology has to be completed yet. 



B Wave equations in fiber bundle approach 

We are going to briefly review in the following definitions and notations 
used in the derivations of the BMS wave equations following [29]. As said 
we use sort of diagrams to facilitate the reader even if they are not rigorous 
mathematically speaking. 
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Consider then 

P{H,M)-- ^GL{V) 
i 

TT | * 

M ~ - E{M,V) 

In our case P(H, M) is a group G and a principal bundle whose fiber H is a 
closed subgroup of G and whose base space is the homogeneous space given 
by the coset G/H; each linear representation a : H — > GL(V) automatically 
defines the vector bundle (that's the reason why we used the dotted lines) 
E(M, V) = P x hV whose generic element is the equivalence class [u, a] with 
u € P and a € V. The equivalence relation defining this class is given by 
(u, a) ~ (uu',a) = (u,a(u')a). 

One defines than a G-action; in particular on P = G it is the obvious 
one i.e. g{uh) = (gu)h whereas on M the action is induced through the 
projection ir as gir(u) = n(gu). Finally on the E bundle the G-action is 
g[u, a] = [gu,a\. i if we consider a generic section for the E bundle i.e. 
ip : M — > E(M, V), we can act on it through a linear representation of G as: 



{U(g)iP) (gm) = #(m). (58) 

This representation is exactly the "induced" representation of G constructed 
from the given one a of the subgroup H. Moreover if a is pseudo-unitary 
and it exists an invariant G-measure on M we can define an internal product 
(,) : F(E) x T(E) -» C as: 



< Y>,0 >= J dfj,h m (ip,</>), 



M 



where h m is the induced internal product on the fibre 7r^ 1 (x). 

In the specific case of semidirect product of groups i.e. G = N x K (N 
abelian), one can define a G-action on the character space N: 

gx(gn) = x(n). 

For any element xo one can construct its stability (little) group G xo : 
N x K Xo and assign a representation a : K xo — > GL(V). This induces a 
representation xo ' '■ G Xo — > V which associates with the couple (n,g) the 
element xo(n)cr(g). Thus in our diagram the group G Xo is playing the role 
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of H and M becomes the coset space G/G xo . The diagram is then: 

G(N*K X0 ,G/G X0 )- x ° a - ^GL(V) 

i 

7T | * 

y 

G/G Xo * — — E(G/ G Xo , V) 

Since we want to describe vector valued functions / : G/G Xo — ► V, a repre- 
sentation of f7 can be made fixing a section s : G/G xo — > G and remembering 
that for any element -0 € T(£') there exists a function f^p : P V: 

ip(ir(u)) = [uj^{u)\. 

A vector valued function is: 

U = U° s. 

Let us notice that this construction makes sense only if the section s is 
global otherwise / is not defined everywhere; this happens only if the bundle 
G is trivial i.e. G = M x H which is always the case in the situation we are 
interested in. 

Moreover equation (|58|l translates in: 

P(g)U] (gx) = a( 7 (g,x))U{x), (59) 

where in our case 7 : (N x K) x G/G Xo — > G Xo is defined as: 

s{gxh(g,x) = gs(x) (60) 

From now on we shall call l|59p the canonical (or induced) wave equation. 

In physical relevant situations covariant representations are used instead 
of induced ones. In this case we deal with a principal bundle G(X, G xo ) where 
xq € X and the interesting representations are those preserving locality 
on the physical relevant space X and acting on a vector valued function 
/ : X -> V as: 

[T(g)f]{gx) =A(g,x)f(x), (61) 
where A is a map from Gxlto GL(V) satisfying the property: 

A(gig2,x) = A(g 1 ,g 2 x)A(g 2 ,x). 

Examples of these representations are those induced from the isotropy group 
G XQ when expressed in term of sections s : X — > G. Let us also notice that 
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there exists a map £ : G XQ — > GL(V) assigning to an element 7 the matrix 
S(7) = .A (7, Xq) and the induction of such a representation from the isotropy 
group to the entire G generates the representation 

A'(g,x) = Z( 1 (g,x)), 

where 7 is defined as in (|60|) and g = (cf>, A). 
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